The mysteries of quantum correlation 
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Since the establishment of quantum mechanics, many fundamental problems have been stirring 
the hearts of physicists. Among these problems, a center issue is to understand the nature of 
quantum correlation. Here we reveal an essential feature of quantum correlation: its simultaneous 
existence in complementary bases. The classical correlation in a quantum state reaches its maximum 
in a certain basis and vanishes in the complementary bases, while the genuine quantum correlation 
does not vanish in the complementary bases. We reveal this feature of quantum correlation by 
defining measures based on invariance under basis change. For a bipartite quantum state, the 
classical correlation is the maximal correlation present in a certain optimum basis, while the quantum 
correlation is characterized as a series of residual correlations in mutually unbiased bases. 



Quantum physics differs significantly from classical 
physics. A complete classical description of an object 
contains only information of compatible properties, while 
a complete quantum description of an object contains 
complementary information of incompatible properties 
simultaneously. This difference is also present in cor- 
relations. Classical correlation in a bipartite system in- 
volves correlation of only a certain property, while quan- 
tum correlation in a bipartite system involves comple- 
mentary correlations of incompatible properties simulta- 
neously (Fig.l). The simultaneous existence of comple- 
mentary correlations together with the freedom in choos- 
ing which one to extract is the most important feature 
of quantum correlation. Schroinger introduced the word 
"entanglement" to describe this peculiar feature, which 
is termed "the spooky action at a distance" by Einstein 

CHI. 

Later on, entangled states are defined as the states 
that cannot be written as convex sums of product states. 
This precise definition is very helpful in terms of both 
mathematical and physical convenience, and it actually 
motivates the definition of entanglement of formation. 
However, this mathematical definition also conceals the 
essential feature of quantum correlation, for which the 
word "entanglement" was originally introduced. Now we 
know that entanglement of formation is just one partic- 
ular aspect of quantum correlation. Many measures of 
quantum correlation have been studied, and they can be 
divided into two categories: one category consists of the 
entanglement measures 043; an d the other consists of 
the measures of nonclassical correlation beyond entan- 
glement [13413 • 

Several previous entropic measures of quantum corre- 
lation are based on the difference between the quantum 
mutual information (which is assumed as the total cor- 
relation) and a measure of classical correlation. How- 
ever, it is not clear why quantum mutual information 
represents the total sum of classical and quantum corre- 
lations, and why the difference between the quantum mu- 
tual information and the classical correlation represents 
the genuine quantum correlation. Here, we discard this 
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FIG. 1. (a) A complete classical description of a classical 
object (a zebra) is a simple collection of information about 
compatible properties, such as color, height, weight, position, 
velocity, etc. (b) A complete quantum description (a quantum 
state |i/')) of a quantum system (a spin-1/2 particle) contains 
information about incompatible properties (a x , a y , a z ) in an 
intrinsic way: information about incompatible properties ex- 
ists simultaneously even though only a single property can be 
measured each time; and we can freely choose which one to 
measure, (c) Classical correlation in a bipartite state reaches 
the maximum in a certain basis, and vanishes in any comple- 
mentary basis, (d) Quantum correlation in a bipartite state 
contains correlations in complementary bases simultaneously; 
and one can freely choose which basis to read out the corre- 
lation. 



assumption and reveal a very essential feature of quan- 
tum correlation. The genuine quantum correlation does 
not vanish under change of bases, and can be character- 
ized as the residual correlations left in the complementary 
bases. Our approach is also different significantly from 
the approaches via Bell's inequalities [22|,[23|. A Bell's 
inequality quantifies the complementary correlations via 
expectation values of complementary observables, while 
our approach quantifies the complementary correlations 
from an information-theoretical aspect. 

We start with the simplest but also most important 
example of entangled state for two qubits shared by Alice 
and Bob, known as the Einstein-Podolsky-Rosen (EPR) 
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state or the singlet state, 

\EPR) = i (|01) - |10» . 

Alice can project her qubit onto the basis {|0) , |1)}, her 
measurement will leave Bob with either |0) or |1), which 
is perfectly anti-correlated with Alice's result. Bob can 
know Alice's result with certainty when he measures his 
qubit in the same basis, and thus achieve 1 bit (the max- 
imum for a EPR state) of information about Alice's re- 
sult. This amount is also the maximal amount of classical 
correlation in the EPR state. The very essential feature 
of the genuine quantum correlation is the simultaneous 
existence of correlation in complementary bases. When 
Alice chooses to measure her qubit in a completely dif- 
ferent basis, Alice's measurement will leave Bob's qubit 
in one of two orthogonal states in the corresponding ba- 
sis, and Bob can still obtain 1 bit of information about 
Alice's result. This fact reveals a spooky action by Al- 
ice because she can choose different bases to perform her 
measurement, leave Bob's qubit in different ensembles 
of orthogonal states, and thus Bob can always achieve 
1 bit of information about Alice's result. For the EPR 
state, the maximum correlation is present simultaneously 
in all bases. We characterize the classical and the genuine 
quantum correlation in a rigorous way as follows. 

For any bipartite quantum state Pab, there are many 
measures of classical correlation [24j , Here we use the 
one proposed by Henderson and Vedral [25|, which is 
also used in the definition of quantum discord [l(| • Alice 
chooses a basis {lai)^ \i = 1, ■ • • , d A } of her system in a 
d^-dimensional Hilbert space, and performs a measure- 
ment projecting her system onto the basis states. With 
probability p, = tr A B{(\ai) A (o<| ® Ib)pab), Alice will 
obtain the i-th basis state |a$) and Bob's system will be 
left in the corresponding state pf —a (o»| Pab a I Pi- 
The Holevo bound of the ensemble {p^; pf } that is pre- 
pared for Bob by Alice via her local measurement is 
given by x{pab\{\(h) A }} = x{Pi\ pf} = S{Y,iPiPi) ~ 
J2iPiS(pf)i it denotes the upper bound of Bob's acces- 
sible information about Alice's measurement result when 
Alice projects her system onto the basis {la;)^}- The 
classical correlation in the state pab is defined as the 
maximal Holevo bound over all local projective measure- 
ments on Alice's system 

Ci(pab) = max x{pab\{\<h) A }} ■ i 1 ) 

{\ai) A } 

Let . \i = 1, • • • , (1a} denote the optimum basis 

onto which Alice's system is projected so that the maxi- 
mal Holevo bound is achieved. 

We consider another basis j \aj) A \j = 1, • • • , cUj 
which is mutually unbiased to the basis 
{|^4i)^ \i = 1) • • • j d A } in the sense that |(a*|a?)| = 
} j , i.e., if the system is in a basis state of one basis, 

V (La 

a projective measurement onto the mutually unbiased 
basis (MUB) will yield each basis state with the same 



probability. The most essential feature of quantum 
correlation is that when Alice performs a measurement 

in another basis ||a|)^ |j = 1, • • • , d^l that is mutu- 
ally unbiased to the optimum basis, Bob's accessible 
information about Alice's results, characterized by 
the Holevo bound, does not vanish. This residual 
correlation represents genuine quantum correlation, and 
can be used as a measure of the quantum correlation. 
Formally, a measure of quantum correlation Q^Pab) 
in the state pab is defined as the Holevo bound of 
Bob's accessible information about Alice's results, 
maximized over all bases mutually unbiased to the basis 
{\A\) A \i= 1,--- ,d A }, i.e., 

Q h 2 {p AB )= max x{pA B |{| flj 2 ),}} (2) 

where \ j = 1>" • ■ is any basis mutually un- 

biased to the optimum basis { \A} ) . \i = 1, • • • , c?a} that 
achieves the maximal classical correlation in ([TJ. Let 
{I^Da I-? ~ 1' ' ' ' >d A \ denote the optimum basis that 
achieves the maximum quantum correlation in ([2]); it is 
mutually unbiased to the basis {\A}) A \i — I, ■ ■ ■ , d A } ■ 

Like the case in characterizing entanglement, a single 
quantity is not sufficient to describe the full property of 
quantum correlation because there could be many types 
of quantum correlation as well. Following the same line 
of reasoning, we can define the residual correlation in a 
third MUB as 

Q h 3 (p AB ) = max X {pA B \{\al) A }} (3) 

where { a|)^ |fc = 1, • • • , d/i} is any basis mu- 
tually unbiased to both { \A}) . \i = 1, • • • , d A } 
and {l-^)^ \j = 1, • • • The optimum ba- 
sis to achieve the maximum in Q is denoted as 

{\Al) A \k=l,-y ,d A }. 

Suppose in this way we can define M quantities for the 
measures of correlation, which are conveniently written 
as a single correlation vector ~C = {C^Q^, Q3, • ■ • , Qm) 
for the state pab ■ The number M cannot be greater than 
the number of MUBs that exist in the d^-dimensional 
Hilbert space. The first quantity C\ denotes the maximal 
classical correlation present in the state pab, which can 
be revealed when Alice performs a measurement of her 
system onto the basis {|./4|).|i = l,-- - >^a}- As classi- 
cal correlation will vanish when measured in a mutually 
unbiased basis (see the example for CQ states), all the 
other quantities describe genuine quantum types of corre- 
lation. The second quantity Q\ denotes the maximal gen- 
uine quantum correlation, and {j-^)^ \j = lj * " j d,A | 
denote the optimum basis to reveal this correlation. The 
third quantity Q% denotes another type of genuine quan- 
tum correlation which is complementary to the first type 
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Q 2 , and { |-4fc) A \ j = 1, • • ■ , cU} denotes the basis to re- 
veal the second type of quantum correlation. 

Now we consider some examples to see how these mea- 
sures in terms of MUBs are well justified as measures of 
genuine quantum correlation. For a bipartite pure state 
written in the Schmidt basis, \^)ab = Yli V^\ a i) 
the maximal classical correlation can be revealed when 
Alice performs her measurement onto her Schmidt ba- 
sis {|o»)}; thus one immediately has Cf = S(pb) — 
Y^i~ Ailog 2 Ai. If Alice chooses another basis {|a-)}, 
whenever she gets a particular measurement result, Bob 
will be left with a pure state. Therefore, one can eas- 
ily obtain the maximal true quantum correlation Q 2 = 
S(pb) = C±\ and any other basis will yield the same 
amount of quantum correlation. So the correlation vec- 
tor for a bipartite pure state \4>)ab is given as = 
(S(pb), S(pb), ■ ■ ■ ,S(pb))- The correlation vector shows 
a unique feature of the correlations in a pure state: the 
amount of classical correlation is equal to the amount of 
quantum correlation revealed in any basis, and both are 
equal to the von Neumann entropy of the reduced den- 
sity matrix on either side, which is the usual measure of 
entanglement in a pure state. 

A classical-quantum (CQ) state is a bipartite state that 
can be written as 

p° q = Y^<n\i)(i\®*i (4) 

i 

where {q{\ is a probability distribution, 
{\i) \i = 0, 1, • • • , d,A — 1} is a basis of system A in 
a (^-dimensional Hilbert space, and {er^} is a set of 
density matrices of system B. The maximal classical 
correlation is revealed when Alice performs her mea- 
surement in the basis {\i}} [Hj], thus the maximal 
classical correlation in the CQ state p cq is given by 

C'l = xUil^i} = S{Y,iH (J i) - J2iQi S i^i)- In order 

to calculate the amount of quantum correlation, Alice 
projects her system onto another basis that 
is mutually unbiased to the optimum basis {\i}} for 
classical correlation. From |(t|c$/| = we have 

(sV 9 h 2 ) = E^ 2 l(i*> (*l)h>* 

i 

i 

For each different result j that Alice obtains, Bob is left 
with the same state ps = 'Yliili' 7 ^ thus Bob's state has 
no correlation with Alice's result, and we immediately 
have Q\ = Q% = • • • = according to the definitions of 
these quantities. Hence, for a CQ state, the correlation 
vector is given as ~C = (Cj* , 0, ■ • • ,0). The only corre- 
lation present in a CQ state is the classical correlation, 
and the quantum correlation in any MUB vanishes! 

Next, we consider the Werner states of a d x d dimen- 
sional system (26[, 

P - = W^a) {I - aP) (6) 
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FIG. 2. Three measures of quantum correlation for the 
Werner states as functions of a when d = 2 (left) and d = 3 
(right). The red curve represents our measure Q%, the green 
curve represents the quantum discord Qd and the blue curve 
represents the entanglement of formation Ef. 

where — 1 < a < 1, / is the identity operator in the d 2 - 
dimensional Hilbert space, and P = £\ . =1 \i) \j) (i\ 
is the operator that exchanges A and B. Because the 
Werner states are invariant under unitary transformation 
of the form U ® U, the maximal classical correlation can 
be revealed when Alice simply projects her system onto 
the basis states With probability Pi= hi Alice will 

get the z-th basis state \i), and Bob will be left with the 
state pf = A (i\ Pab \i) A / Pi = ^ (I - a \i) . It is 
straightforward to have = \ {ft; pf} — log 2 (^j) + 
^5^1og 2 (l — a) = Xw- Due to the symmetry of the 
Werner states, it is not difficult to show Q\ — Q\ — 
• ' ' = Ci 1 = Xw ■ So for the Werner state p w , the cor- 
relation vector is given by C — {xw,Xw, ■•■ ,Xw)- The 
maximal quantum correlation in a Werner state can be 
revealed in any basis, and it is equal to the maximal 
classical correlation C\ . However, the correlation vector 
of a Werner state is different from that of a pure state 
because C\ < S(pb) — log 2 d- The inequality becomes 
equality only when d = 2 and a = 1, in which case the 
Werner state becomes a pure state p w = \EPR) (EPR\. 
For the Werner states, the symmetric discord is equal 
to the quantum discord Qd [12| when Alice's measure- 
ment is restricted to projective measurements. The en- 
tanglement of formation Ef for the Werner states is given 

as E f ( Pw ) = ^(l + ^l-ImaxtO,^)] 2 )) , with 

h(x) = — log 2 x — log 2 (l — x) [l?! ■ The three different 
measures of quantum correlation, i.e., our measure of 
maximal quantum correlation Q 2 , the quantum discord 
Qd and the entanglement of formation, are illustrated in 
Fig|2]for comparison. From the figure, we know that the 
curve for entanglement of formation intersects the other 
two curves, so Ef could be larger or smaller than Q 2 
{Qd)- We also know that Q 2 < Qd for the Werner states. 
However, it is not clear whether this inequality holds for 
all bipartite states. 

Let us consider a family of two-qubit states, where the 
reduced density matrices of both qubits are proportional 
to the identity operator. Such a state can be written in 
terms of Pauli matrices, 

1 3 
Pab = -^{h ® h + E w i kCJ o ® ( 7 ) 
j,k=i 
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FIG. 3. Different measures of quantum correlation for 
two special classes of states: pi = p |t/>~) | + (1 — 
p) \ip + ) (ip + 1 (the left figure), and p2 = p\tp~){ip~\ + 
^ (V^l + |0 + > (<^ + |) (the right figure). In each fig- 

ure, the red curve represents our measure Q%, the green curve 
represents the quantum discord Qd and the blue curve rep- 
resents the entanglement of formation Ef. In the left figure, 
the green curve is not shown because Qd = Q\ for p\. 

where I 2 is the identity operator in the 2-dimensional 
Hilbert space of a qubit, Wjk are real numbers that satisfy 
certain conditions to ensure the positivity of the matrix 
in ([7]). These two-qubit states can be transformed by a 
local unitary transformation (that does not change the 
correlations) to the following form 

1 3 
<JAB = ^{h^h+^rjaj^Vj). (8) 

j'=i 

To ensure the positivity of the matrix in (jHJ, the real 
vector r = (ri,ra,r3) must lie inside or on the bound- 
ary of the regular tetrahedron that is the convex hull of 
the four points: (-1,-1,-1), (-1,1,1), (1,-1,1) and 
(1,1,-1). The singular values of the matrix Wjk are 
given by \rj\. We rearrange the three numbers {ri, r 2 , r 3 } 
according to their absolute values, and denote the rear- 
ranged set as {ri,r2,r3} so that |ri| > |r 2 | > (ra]. In the 
appendix, we show that the correlation vector is given 

by C = (Xi)X2,X3) where Xj = 1 ~ h (^r^) with 
h(x) = — log 2 x — log 2 (l — x). We consider some spe- 
cial classes of states with only one parameter. When 
r\ = r 2 = r 3 = — 2^ with — 1 < a < 1, the states in 
([5]) become the Werner states for d = 2 in ©. When 
n = r% = 1 — 2p and r 3 = — 1 with < p < 1, the 
states in (jHJ become pi = p + (1 — p) (V J+ I; 
we obtain C\ = 1 and = Q§ = 1 - h(p). When 
ri = 1 — 2p, r 2 = r 3 = — p, the states in © become 
p 2 =p|^") + ^ (|^ + ) + \<fr + ) (0+1); we have 
C[ l = max{l - fc(p),l - h{^)}, Q§ = 1 - /i(±±E) 

and = ~ ~ Mnr)}- Here > = 

|£7PiJ) - ^(|01) - |10», = ^(|01) + |10», and 

|</> + ) = -1=(|00) + 1 11)). Our measure of quantum corre- 
lation Q2 is compared with the quantum discord Qd and 
the entanglement of formation Ef for p\ and p 2 in Fig. 3. 

The correlation vector defined above relies on the spe- 
cial choice of the measure of classical correlation, it is not 
symmetric with respect to exchange of A and B. One may 
define a symmetric correlation vector, which is discussed 
in the appendix. 



Quite different from other measures of entanglement 
and nonclassical correlation, our measures of quantum 
correlation provide a natural way to quantify the "spooky 
action at a distance", and reveal the mysteries of the 
genuine quantum correlation: the simultaneous existence 
of correlations in complementary bases. We hope that 
our results provide new insights into the understanding 
of quantum correlation, and quantum theory in general. 

The author wishes to acknowledge support from the 
National Natural Science Foundation of China (Grants 
No. 11075148 and No. 11275181), the Chinese Academy 
of Sciences, and the National Fundamental Research Pro- 
gram. 

APPENDIX 

Here, we calculate the correlation vector for the family 
of two-qubit states given in ■ We perform the calcula- 
tion in the transformed basis, with the states rewritten 
in flSJ . Without loss of generality, suppose the numbers 
Tj are already arranged according to \r\\ > |r 2 | > 1 7^3 1 , 

then we only need to prove that = (xijX2,X3) where 
Xj = 1 — h ^ 1+ 2 rj ^ ■ A projective measurement per- 
formed on qubit A can be written P± = ± n ■ a), 
parameterized by the unit vector n . We have 

p±pl = Tv A (PipAB) =\-\(h±Y. WW)- ( 9 ) 

j 

When Alice gets ±, qubit B will be in the correspond- 
ing states p± = \ {I2 ± J2j n j r j a j^j ' each occurring with 
probability i. The entropy S(p±) reaches its mini- 
mum value h ^ 1+ 2 ri ^ when it = (1,0,0). From pg = 
p+p+ + P-P- = and S(ps) = 1, we immediately 
have C\ = 1 - h (^M) ■ The basis for Alice's pro- 
jection P± = i(/ 2 ± n' ■ a) in the definition of Q\ 
must be mutually unbiased to the basis parameterized by 
n = (1, 0, 0), therefore the unit vector n ' must be in the 
form n' — (0,712,^3)- The maximum in the definition 
of Q 2 is reached when n' = (0, 1, 0), and thus a calcu- 
lation similar to that for C\ yields Q\ = 1 - h (^^^Y 
For a qubit system, three MUBs exist. We can re- 
veal the quantum correlation in another (and the last) 
MUB, which corresponds to the case n" = (0,0,1). 

We easily obtain Q 3 l = 1 - /if^-^). For the gen- 
eral case when the numbers rj are not arranged ac- 
cording to 1 7*1 1 > |t*2 I ^ \ r 3\i a similar argument yields 

^=(Xi,X2,X3) with Xj = l-h(i±p±). 

Here, we consider an alternative definition of correla- 
tion vector, which is symmetric with respect to exchange 
of A and B. For any bipartite quantum state pab-, Alice 
chooses a basis \i = 1, • • • , cLa} of her system in a 

d^-dimensional Hilbert space and Bob chooses a basis 
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{IM.4 K = 1, • • • ,^b} of his system in a da-dimensional 
Hilbert space, and each one performs a measurement 
projecting her/his system onto the corresponding ba- 
sis states. With probability p^ = tr ab{{\o>i) a <8> 
\bj) a (bj\)pAB), Alice and Bob will obtain the i-th and 
j-th results respectively. The correlation of their mea- 
surement results are well characterized by the classical 
mutual information 

I { Pij } = H {p?} + H{p)}-H { Pij } (10) 

where H { P k} is the Shannon entropy of the probability 
distribution {p k }, and p\ = YljPih p) = HiPij are tne 
marginal probability distributions. The symmetric mea- 
sure of classical correlation Cf in the state pab is defined 
as the maximal classical mutual information of the local 
measurement results, maximized over all local bases on 
both size, i.e., 

CUpab) = max I { PtJ } . (11) 

{K)<g>|6j)} 

Let [\A\) A \i = !,-■■ ,d A } and {\B}) B \i = 1, • • • ,d B ) 
denote the optimum local bases of both systems to 
achieve the maximal classical correlation. The symmetric 
measure of maximal quantum correlation Q 2 is defined 
as the maximal residual correlation over all local bases 



that are mutually unbiased to the optimum local bases 
for the classical correlation Cf, i.e., 

Q s 2 ( P ab)= , max I {p^} (12) 

where {|af)} ({|^|)}) is mutually unbiased to 
({\B}) B })^ndp' lJ =tr AB ((\a^ A (a^\b 2 J ) A (b 2 J \)pAB). 
The optimum basis to achieve Q 2 {pab) is denoted 
as (|.Af) <& |^f)}) which is mutually unbiased to 
<8> |<6})}- Similarly, Q| denotes the residual 
quantum correlation in a third complementary basis 
that is mutually unbiased to both {|^4f) ® an d 
{ |^4f ) <8> \Bj) } . In this way we have an alternative corre- 
lation vector C s = (Cf, Q 2 , Q^, ■ ■ ■ , Qm), which is sym- 
metric with respect to the change of A and B. 

Because the Holevo bound is the upper bound of acces- 
sible classical mutual information, we immediately know 
from the above definitions that the asymmetric correla- 
tion vector C is an upper bound of the symmetric cor- 
relation vector C s for each component, i.e., C\ > Cf, 
Q'i > Qh ■ " j Qm > Qm ■ ^ i s not difficult to show 
that the asymmetric correlation vector C actually coin- 
cides with the symmetric one C s (i.e., ~C = C s ) for the 
CQ states, the Werner states, and the two-qubit states 
in 0. 
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